We examine the propagation of single photons in periodic and disordered dimer chains coupled to one-dimensional chiral and bidirectional waveguides. Each dimer is composed of two dipole-coupled atoms. In the disordered setting, we separately treat two types of position disorder, namely in dimer length and in dimer separation. The focus of this study is to understand in what ways the interplay between dipole-dipole interactions and directionality of photon emission can impact the transport of single photons. Cold atoms trapped near optical fibers can serve as an experimentally realizable platform for the models that we consider.
I. INTRODUCTION
Multiatom waveguide quantum electrodynamics (QED) is a powerful platform to demonstrate a range of novel quantum optical effects [1] . These include: strong light-matter interactions [2] , electromagnetically induced transparency (EIT) and dark state formation [3] , bunching and antibunching of photons [4] , photonic band gaps and slow light [5] , localization of photons [6] [7] [8] , resonance fluorescence [9] , multi-atom entangled states [10] [11] [12] , chiral photonic emission [13] , single photon switches [14] , and quantum gates [15] , among others. All of these effects have applications to understanding light-matter interactions at the quantum level and also to building novel quantum technologies.
The recent demonstration of the enhancement of optical spin-orbit coupling due to confinement of light in subwavelength structures has led to the emergence of the field of chiral quantum optics [16] . Waveguide QED is closely linked with this development. For instance, it has been shown that up to 90% chiral photon emission into waveguide modes is achievable in practice [13] . In addition, we and others have shown that chirality can be used to enhance multiqubit entanglement [10] [11] [12] and also influences photon transport in the presence of disorder [7, 8] . Some of the key findings of our work are that photon transmission in chiral waveguides (coupled to either two-level or three-level atoms) is immune to position disorder. We have also shown that single photon localization occurs in chiral waveguides with disordered atomic transition frequencies. Moreover, localization also occurs in bidirectional waveguides with both frequency and position disorder.
In waveguide QED, varying the atomic separation can produce a variety of physical effects.
If the separation is larger than half of the wavelength of the optical field, then non-Markovian effects become important [17] . On the other hand, if the interatomic separation becomes much smaller than the wavelength, then collective effects become important, and can lead to superradiance and subradiance [18, 19] . In addition, small interatomic separation also plays a key role in the phenomena of quantum beats [20] , entanglement evolution [21] and Bragg mirrors [22] . We also note that if the interatomic separation becomes considerably smaller than the wavelength at resonance, then interatomic dipole-dipole interactions must be taken into account [23] . In this context, Cheng et al. [24] have shown that Fano interference can be used to estimate the strength of such interactions. In addition, they have found that in periodically arranged atoms bidirectionally coupled to a waveguide, photon transport is extremely sensitive to the atomic positions. This sensitivity originates from the dependence of the dipole-dipole interaction on the separation between the atoms. Hence, small variations in the atomic positions can modify the strength of the interaction considerably [25] .
Motivated by the above considerations, in this paper we consider a model for waveguide QED involving pairs of atoms (dimers), where the atoms comprising the dimer are strongly coupled, but the dimers themselves are sufficiently far apart so that interdimer interactions can be neglected. In this setting, we investigate the transmission of single photons in periodic and disordered chains of dimers. We consider two types of disorder: random dimer separations and random dimer lengths. Our results can be summarized as follows. For chiral waveguides, we find that in the periodic case, the presence of dipole-dipole interactions leads to a splitting in the frequency-dependent transmission curve. In the disordered case, we find immunity to disorder for random dimer separations. We also provide numerical evidence of localization for random dimer lengths. The latter result should be contrasted with the case of chiral waveguide QED, where localization does not occur with position disorder [7] . For symmetric bidirectional waveguides, in the periodic case, we find modifications of the band structure due to interactions. Localization occurs for both types of disorder. Moreover, the localization length becomes larger in the presence of interactions.
There has been considerable recent experimental progress in driven-dissipative Rydberg trapped atoms [26] [27] [28] , nitrogen-vacancy centers [29] , ultracold atoms coupled to waveguide resonators (including superconducting waveguides) [30, 31] . Thus the model presented in this paper would seem to be not far from physical realization. One possible implementation consists of two interpenetrating lattices of two-level atoms, where the atoms belonging to different sublattices are close enough to form dimers. Since small deviations from a perfectly ordered lattice can change the strength of dipole-dipole interactions, the results of this paper are potentially important for understanding photon transport in realistic dimer systems. This paper is organized as follows. In Section II we introduce the model system under consideration. In Sections III and IV, we address the problems of periodic and disordered chiral and bidirectional waveguides, respectively. Finally, in Section V, we conclude with a discussion of our results. 
II. MODEL SYSTEM
We consider a system of N atomic dimers coupled to a waveguide. Each dimer is composed of two identical atoms. We note that the separation of the atoms within a dimer and the spacing between dimers can be varied, as illustrated in Fig. 1 . The Hamiltonian of the system is of the form
where we have made the rotating wave approximation and employ real-space quantization of the optical field [32] . The first term is the Hamiltonian of the atoms. The lowering operator for atom j is denotedσ j and the corresponding raising operator isσ † j . The atomic resonance energy is Ω and the rate of spontaneous emission into nonwaveguide modes is accounted for by the term iγ. Note that the atomic operators obey the anticommutation relations
The second term in the Hamiltonian accounts for dipole-dipole interactions within each dimer. Here the coupling J i,j between the ith and jth atoms is given by [23, 24] 
where Γ 0 is the free-space atomic decay rate, x ij = Ω|x i − x j |/c, and x i is the position of the ith atom. For simplicity, we also assume that the dipole moments of the atoms are perpendicular to the axis of the waveguide. 
where m ∈ {R, L}.
The final term in the Hamiltonian describes the atom-field interaction. Here the coupling V m is taken to be real-valued. The case of a symmetric waveguide corresponds to
The extension to non-symmetric waveguides is straightforward, but will not be directly considered. If either v R or v L is set to zero, then the above model describes a chiral waveguide.
The single-photon eigenstate ofĤ is of the form
Here
) is the amplitude of finding the photon in the right (left) waveguide continuum. The quantity a j is the amplitude for the jth atom to be in its excited state and |∅ is the overall ground state of the system, where no photons are present in the waveguide and all atoms are in their ground state. Making use of the time-independent Schrödinger equationĤ |Ψ = ω |Ψ along with (1) and (4), we find that the amplitudes obey the
where in (5c) and (5d) j is odd and ω is the incoming single-photon frequency. Elimination of the atomic amplitudes from the above equations yields
where δω = ω − Ω − iγ. We note that the presence of dipole-dipole interactions splits the above equation into even and odd terms.
To construct the solution of (6), we observe that the single photon wavefunctions between any two dimers take the form ϕ R (x) ∝ e iq R x and ϕ L (x) ∝ e −iq L x , where the wavenumbers associated with the right and left field amplitudes are defined by q R = (ω − ω 0 )/v R and
. . .
and
where r N +1 = 0 and t 0 = 1. The coefficients t j and r j are obtained by integrating (6) over the interval [x j − , x j + ], which yields the following jump conditions
Next, introducing the quantities
and using (7) and (8), we obtain the recursion relations
θ j,j+1 = 2π(x j − x j+1 )/λ QD , where λ QD is the wavelength corresponding to the transition frequency of the emitter. Note that j is odd in the first two equations of (11) and even in the last two equations. The transmission and reflection coefficients can be expressed in terms of the phase accumulated by the photon while traveling between two consecutive dimers through the waveguide according to
After some rearrangement, (11) can be expressed in the form of the matrix recursion relation
Here T j is the transfer matrix which describes the input and output fields from the jth dimer in the array. The form of T j is rather involved and is not presented here. The net transfer matrix M for an n dimer system is given by
The net transmission coefficient from a chain of n dimers is given by T = |t 2N | 2 while n = 2N
and the reflection coefficient is R = |r 1 | 2 .
III. CHIRAL WAVEGUIDES
For a chiral waveguide with only a right-going mode we set Γ L = 0 and Γ R = Γ. Then, making use of (11), we obtain the recursion relations t j (1 + iα j,j+1 + iβ j,j+1 e iθ j,j+1 ) + it j+1 β j,j+1 e iθ j,j+1 + t j−1 (iα j,j+1 − 1) = 0, j odd, (16a)
which can be solved to obtain the transmission and reflection coefficients. Here For the case of a single dimer the transmission coefficient is given by
where the detuning ∆ = ω − Ω. We recall that the single two-level atom transmission coefficient is given by [7] 
Note that in the absence of interactions, when J = 0, we see that t = (e iθ t A ) 2 , which corresponds to the cascaded transmission of two atoms.
A. Periodic arrangement
Adopting the experimental scenario in [24, 33] , we consider a Ag nanowire coupled to semiconductor quantum dots. The wavelength corresponding to the transition frequency of the quantum dot is λ QD = 655nm, the dimer length L = 32.75nm and the optical wavelenth (corresponding to the surface plasmon mode) is λ SP = 211.8nm. We thus obtain θ = 2πL/λ QD = 0.314 and the dipole-dipole interaction is J = 46.2Γ 0 . We take the dimer separation to be 3L, which implies that interaction between dimers J d J; it is therefore permissible to neglect the interaction between dimers. In Fig. 2 we examine the behavior of the transmission coefficient T as a function of the detuning ∆ and the number of dimers n. In Fig. 2(a) , we consider the case of a single dimer, where we find that in the absence of interactions, T takes its smallest value at ∆ = 0.
The single atom transmission is also shown for comparison. In the presence of interactions, the transmission curves develops two asymmetric peaks. In part Fig. 2(b) we plot the transmission in the three regimes: undercoupled (γ > Γ), overcoupled (γ < Γ) and critically coupled (γ = Γ). We find that unlike the single atom case (where the transmission takes the smallest value at resonance in the critically-coupled regime) [7] , for the dimer problem, only the resonance with positive detuning takes the lowest value in the critically-coupled regime. Finally, in part Fig. 2(c) we plot the transmission for a multi-dimer chain in the critically-coupled regime. We observe that as the number of dimers increases, the width of the resonances increases. Eventually for 100 dimers, the peak widths grow to such an extent that the separation between the peaks vanishes, and a wide region of null transmission appears.
Next we consider the effect of varying the coupling parameter J on the separation of the transmission peaks. When either γ = 0 or Γ = 0, then T = 1 independent of ∆. However, if
we increase the parameter γ + Γ then for certain choices of γ and Γ the peak in transmission becomes symmetric. To this end, in Fig.3(a) we plot the difference in peak heights D as we vary γ + Γ. We set γ = 6.86Γ 0 and vary Γ from γ/2 to almost 2γ. In the inset, we put Γ = 11.103Γ 0 and vary γ from Γ/2 to 2Γ. In both curves, we observe that D = 0 can be achieved. In Fig.3(b) we plot the peak separation ∆ peak as a function of dipole-dipole interaction. We observe that the peak separation increases as the value of J is increased.
B. Effects of disorder
We now consider the effects of disorder in multidimer chains. Our goal is to identify conditions which give rise to photon localization. In what follows, all random variables are assumed to be Gaussian distributed with a probability density of the form
where x is the mean and σ is the standard deviation of the random variable x. We will sometimes refer to σ as the strength of the disorder. We study two models of disorder:
random dimer lengths and random dimer separations.
Localization
Following standard procedures, we consider ln T as a measure of photon transport in disordered systems [34] . Here the statistical average · · · is carried out over dimer lengths or separations, regarded as independent and identically distributed random variables. The corresponding localization length ξ [34, 35] is defined as
where n is the number of dimers. We regard a numerical demonstration of the linear dependence of ln T on n as providing evidence for localization. A proof of localization in chiral waveguide QED is possible in some physical settings [7, 8] , but is in general an open problem.
The dependence of ln T on the number of dimers n is shown in Fig. 4 for the case of random dimer lengths. We see that the localization length is larger in the presence of dipole-dipole interactions. In subsection IV.B.2, we show this observation also extends to bidirectional waveguides when there is dimer separation disorder (see Fig. 8(d) ).
Disorder in dimer separation
Suppose that the dimer length is fixed and that the separation between dimers is random.
It follows from Eq. (16) that the transmission T does not dependent on the dimer separation.
We conclude that the transmission of a chiral waveguide is immune to disorder in dimer separation. This result is consistent with our previous studies on single photon transport in chiral waveguides coupled to two-level atoms [7] .
Disorder in dimer length
We now suppose that the dimer lengths are random. Here we assume that the dimer lengths L j , defined by L j = x j − x j−1 , are independent and identically distributed random variables. The net transmission from a chain of n dimers is given by
where with k ≡ 2π/λ QD . We note that the dimer length appears both in the dipole-dipole interaction J as well as in the phase factors. The average is performed over all dimer lengths. It is easy to see that
and hence from Eq. (21) we find
Using (23) and (27) we can calculate the average transmission and localization length. In Fig. 5(a) , we plot the transmission of a single photon in a disordered ten dimer chain (blue curve) with weak disorder. Note that strong disorder (σ > 2πL/λ QD ) leads to the presence of dimer-dimer interactions. For comparison, we have included the transmission for the corresponding periodic case (red dashed curve). We see that the presence of disorder considerably alters the transmission. The frequency doublet that arises in the periodic case disappears and a single transmission curve with a broad band of very small transmission is formed. In Fig. 5(b) , we plot the corresponding frequency-dependent localization length ξ.
We observe that the localization length is smallest at the two frequencies near resonance.
However, away from these points ξ increases.
In Fig. 5(c) we plot the localization length and average transmission as a function of the disorder strength σ. We vary σ between 0 to πL/2λ QD , so that the interaction between the dimers is negligible. We see that in the absence of disorder T 0.9, which is consistent with Fig. 2(a) . As expected, when J = 0 (thin dashed curve), the localization length does not depend on σ. However, when J = 0 (thick dashed curve) an additional channel for photon transport opens up.
IV. BIDIRECTIONAL WAVEGUIDES
We now consider the transmission characteristics of symmetric bidirectional waveguides.
For a single dimer, the transmission (t) and reflection (r) coefficients take the form
To explicitly demonstrate the waveguide mediated coupling between atoms, we set J = 0 and obtain
The term proportional to Γ 2 in the denominator of (29) accounts for the waveguide mediated interaction between atoms, and is present even when J = 0.
A. Periodic arrangement
In Fig.6(a) we plot the transmission and reflection coefficients for a single dimer when J = 0 and when J = 0. In the former case, the transmission takes a minimum value at ∆ = 0 but exhibits a asymmetric Fano-like spectrum [36] . In the latter case, the spectrum is a frequency doublet with two asymmetric peaks. Similar to the single dimer chiral case, the splitting is due to dipole-dipole interactions. The loss due to non-zero γ breaks the symmetry in peak heights. In particular, when γ = 0 the peaks reside at ∆ = ± √ 2ΓJ sin θ + J 2 [24] . B. Effects of disorder
Localization
We seek numerical evidence for localization. Fig. (7) presents plots of ln T as a function of the number of dimers n. We consider two cases of interest: disordered dimer separations and disordered dimer lengths. In each case, we demonstrate the effect of dipole-dipole interactions. 
Disorder in dimer separation
In Fig. 8(a) we plot the transmission coefficient as a function of detuning ∆ for a ten dimer chain. For comparison, we also plot the transmission for a periodic chain. In Fig. 8(b) we plot the corresponding localization length ξ. We note that both the transmission coefficient and localization length show oscillatory behavior near resonance. When J = 0, we find that the localization length takes its minimum value around ∆ = 0, consistent with the case of position-disordered chains in bidirectional waveguides [7] . In Fig. 8(c) we exhibit the dependence of ξ on the disorder strength σ. We find that ξ decays with increasing σ for both J = 0 and J = 0. However, the scale of ξ is nearly twice as large as for dimer-length disorder, as shown in Fig. 9(c) . Finally, in Fig. 8(d) we plot the dependence of localization length on J. We select the values of J corresponding to dimer lengths from 20nm to 50nm. As in the chiral case, we see that the localization length is larger in the presence of interactions.
Disorder in dimer length
We now suppose that the dimer lengths are random. In Fig. 9(a) we plot the transmission coefficient as a function of detuning ∆ for a ten dimer chain. For comparison, we also plot survive even in the presence of disorder. In Fig. 9(b) we plot the corresponding localization length ξ. We note that such an oscillatory profile does not occur in the absence of dipoledipole interactions [7] . Finally, in Fig. 9(c) we exhibit the dependence of ξ on the disorder strength σ. realizations with n = 100. The error bars are too small to be displayed.
V. DISCUSSION
We have investigated single photon transport properties of chiral and bidirectional waveguides coupled to atomic dimers. We have considered systems of periodically arranged and disordered chains of dimers. Our results may be summarized as follows. The transmission in chiral waveguides is immune to disorder in dimer separations. However, disordered dimer lengths lead to localization, with the localization length depending on the strength of the dipole-dipole interaction. Bidirectional waveguides exhibit an interaction-dependent band structure in the periodic case and localization for both types of disorder.
We have focused on a specific type of interaction between atoms (namely the dipole-dipole interaction). However, one can also consider a more general situation in which atoms can be coupled through other types of interactions. For instance, in a recent study by Pichler et al. [37] , spin chains are driven by an on-resonance coherent field, which, under the right conditions, can form dimerized dark states. We leave the investigation of such systems as a direction for future work.
